Abstract-This paper investigates the stability analysis and performance design of nonlinear systems. To facilitate the stability analysis, the Takagi-Sugeno (T-S) fuzzy model is employed to represent the nonlinear plant. Under the imperfect premise matching in which T-S fuzzy model and fuzzy controller do not share the same membership functions, a fuzzy controller with enhanced design flexibility and robustness property is proposed to control the nonlinear plant. However, the nice characteristic given by the perfect premise matching, leading to conservative stability conditions, vanishes. In this paper, under the imperfect premise matching, information of membership functions of the fuzzy model and controller are considered in stability analysis. With the introduction of slack matrices, relaxed linear matrix inequality (LMI)-based stability conditions are derived using Lyapunov-based approach. Furthermore, LMI-based performance conditions are provided to guarantee system performance. Simulation examples are given to illustrate the effectiveness of the proposed approach.
I. INTRODUCTION
T HE FUZZY control technique [1] is a powerful tool for handling mathematically ill-defined nonlinear systems. To investigate the system stability, the Takagi-Sugeno (T-S) fuzzy model [2] , [3] was proposed to provide a general and systematic framework to represent the nonlinear plant as an average weighted sum of some linear subsystems. Each linear subsystem effectively models the dynamics of the nonlinear plant in a local operating domain. As the linear and nonlinear parts of the nonlinear plant are extracted, the T-S fuzzy model exhibits a semilinear characteristic in favor of stability analysis and controller synthesis.
Based on the T-S fuzzy model, a fuzzy controller [4] , [5] , represented as an average weighted sum of some linear subcontrollers, was proposed to control the nonlinear plant. A fuzzymodel-based (FMB) control system is formed by connecting the fuzzy model and fuzzy controller in a feedback loop. By employing the Lyapunov stability theory, the system stability of the FMB control system is guaranteed to be asymptotically stable if there exists a solution to a number of Lyapunov inequalities [4] , [5] . As the membership functions of the fuzzy controller in the premise of the fuzzy rules are allowed to be designed arbitrarily in [4] and [5] , greater design flexibility can be achieved. Furthermore, the FMB control system remains stable even for the nonlinear plant subject to parameter uncertainties captured by the membership functions of the T-S fuzzy model. However, the stability conditions obtained under this case are very conservative. Throughout this paper, we consider the case that the premise rules of both T-S fuzzy model and fuzzy controller are different, which is referred to as imperfect premise matching.
A parallel distribution compensation (PDC) design technique was proposed in [6] to facilitate the stability analysis. Under the PDC design technique, the fuzzy controller shares the same premise membership function as those of the T-S fuzzy model. Under such a case, stability conditions can be relaxed by grouping Lyapunov inequalities sharing the same membership grades. However, as the membership functions of the fuzzy model are required for the implementation of fuzzy controller [6] , the T-S fuzzy model to be considered has to be uncertainty free. Consequently, the inherent robustness property of the fuzzy controller is eliminated under PDC design. Moreover, when the premise membership functions of the T-S fuzzy model are complicated, it increases the structural complexity of the fuzzy controller leading to a higher implementation cost. Further relaxed stability conditions were reported in [7] - [13] . The stability conditions can be cast in terms of linear matrix inequalities (LMIs) [14] of which the solution can be solved numerically using some convex programming techniques. In [6] - [13] , the premise rules of both T-S fuzzy model and fuzzy controller are the same, which is referred to as perfect premise matching in this paper.
In this paper, in order to retain the design flexibility and robust property of the FMB control systems. A fuzzy controller not sharing the same premise rules as those of the T-S fuzzy model is employed to control the nonlinear plant. Under imperfect premise matching, the advantages of perfect premise matching shown in [6] - [13] vanish, which leads to conservative stability analysis result. To alleviate the conservativeness of the stability analysis, the approach proposed by the same authors in [15] is employed and further enhanced. The membership functions of the fuzzy controller are designed to satisfy a design condition that facilitates the stability analysis. Under such a design condition, arbitrary slack matrices can be introduced to compensate unstable elements. Compared with the fuzzy controller in [6] - [13] , the proposed one allows to employ membership functions that are different from those of the fuzzy model. This enhances the design flexibility to lower the implementation cost of the fuzzy controller when simple membership functions are employed. Furthermore, under imperfect premise matching, the membership grades of the fuzzy model can be uncertain in value. As a result, the proposed fuzzy controller displays the robustness property to handle parameter uncertainties. With the proposed design condition relating the membership functions of both fuzzy model and fuzzy controller, the stability analysis approach under perfect premise matching can be applied to produce relaxed stability conditions. Consequently, the proposed fuzzy control scheme integrates the advantages of both perfect and imperfect premise matching. Furthermore, LMI-based stability conditions are derived using the Lyapunov stability theory. To realize the system performance, a scalar cost function is employed to measure the system performance quantitatively. LMI-based performance conditions are derived to guarantee that the scalar cost function is attenuated to a prescribed level. With the LMI-based stability and performance conditions, a stable and well-performed FMB control system can be designed.
II. FUZZY MODEL AND FUZZY CONTROLLER
An FMB control system, comprising a nonlinear plant represented by a fuzzy model and a fuzzy controller connected in a closed loop, is considered.
A. Fuzzy Model
Let p be the number of fuzzy rules describing the continuoustime nonlinear plant. The ith rule is of the following format:
where M i α is a fuzzy term of rule i corresponding to the function f α (x(t)), α = 1, 2, . . . , Ψ; i = 1, 2, . . . , p; Ψ is a positive integer; A i ∈ n ×n and B i ∈ n ×m are known constant system and input matrices, respectively; x(t) ∈ n ×1 is the system state vector and u(t) ∈ m ×1 is the input vector. The system dynamics are described bẏ
where
is the normalized grade of membership that is a nonlinear function of x(t). µ M i α (f α (x(t))), and α = 1, 2, . . . , Ψ is the grade of membership corresponding to the fuzzy term of M i α . Throughout this paper, the discrete-time fuzzy rules and fuzzy model are represented by (1)-(4) withẋ(t) replaced by x(t + 1), where t = 1, 2, . . . , ∞ denotes the sample number.
B. Fuzzy Controller
A fuzzy controller with p rules is considered. The jth rule of the fuzzy controller is defined as follows:
where N j β is a fuzzy term of rule j corresponding to the function g β (x(t)), β = 1, 2, . . . Ω; j = 1, 2, . . . , p; Ω is a positive integer; and G j ∈ m ×n is the feedback gain of rule j. The inferred output of the fuzzy controller is given by
is the normalized grade of membership that is a nonlinear function of x(t). µ N j β (g β (x(t))), j = 1, 2, . . . , p is the grade of membership corresponding to the fuzzy term N j β .
III. STABILITY ANALYSIS AND PERFORMANCE DESIGN
The system stability and performance design of the FMB control system, which is formed by a nonlinear system in the form of (2) and the fuzzy controller of (6) connected in a closed loop, are investigated. From (2) and (6), the continuous-time FMB control system is defined as follows:
It can be seen from (9) that the fuzzy model and fuzzy controller do not share the same membership functions that lead to imperfect premise matching. Under such a condition, various and simple membership functions can be employed to enhance the design flexibility and lower the structural complexity of the fuzzy controller. However, it was shown in [4] and [5] that conservative stability conditions were achieved under imperfect premise matching. Furthermore, analysis techniques [6] - [13] under perfect premise matching cannot be employed to facilitate the stability analysis. In this paper, membership functions of both fuzzy model and fuzzy controller are employed to alleviate the conservativeness under imperfect premise matching. In the following, for brevity, w i (x(t)) and m j (x(t)) are denoted as w i and m j . The equality of
p j =1 w i w j = 1 is utilized in the following stability analysis.
A. Stability Analysis
To investigate the system stability of the continuous-time FMB control system of (9), the following Lyapunov function candidate is considered:
where P = P T ∈ n ×n > 0. From (10), we havė
x(t).
(11) Remark 1: It was reported in [4] and [5] that the FMB control system of (9) is asymptotically stable if there exists a symmetric positive definite matrix P such that
From (11), denoting X = P −1 and z(t) = X −1 x(t), we havė
Consider
. . , p, are arbitrary matrices. These terms are introduced to (12) to alleviate the conservativeness. From (12), we havė
. . , p are arbitrary matrices, and 0 < ρ j < 1, j = 1, 2, . . . , p are designed such that m j − ρ j w j ≥ 0 for all j and x(t) (w j and m j are function of x(t)). These are additional matrices and conditions introduced to further alleviate the conservativeness. From (13), we havė
With m j − ρ j w j ≥ 0 for all j and x(t) and letting
. . .
From (21),V (t) ≤ 0 (equality holds when x(t) = z(t) = 0) implies the asymptotic stability of the FMB control system of (9) if the stability conditions of x > 0, (15), (17)- (20), R < 0, and S < 0 are satisfied. The stability analysis result is summarized in the following theorem. Theorem 1: The continuous-time FMB control system of (9), which is formed by a nonlinear plant in the form of (2) and a fuzzy controller in the form of (6) connected in a closed loop, is asymptotically stable if the membership functions of the fuzzy model and fuzzy controller satisfy m j (x(t)) − ρ j w j (x(t)) ≥ 0 for all j and x(t), where 0 < ρ j < 1, and there exist matrices
, and Λ j = Λ T j ∈ n ×n , and predefined feedback gains G j ∈ n ×n such that the following LMIs are satisfied: (17)- (20), R < 0, and S < 0.
B. Performance Design
System performance is an important issue to be considered in the FMB control systems. A scalar performance index is employed to measure quantitatively the system performance. The performance index, which is commonly used in various optimal control techniques [16] , is defined as follows:
∈ m ×m > 0 are predefined weighting matrices. The performance index J is the integral of the energy of system states and control signals. The contribution of each term is governed by the corresponding weighting matrix of J 1 or J 2 . From (6) and (22), we have
Let
where η is a nonzero positive scalar. The objective in (24) is to attenuate the scalar performance index J to a prescribed level of η. From (23) and (24), recalling that z(t) = X −1 x(t) and choosing the feedback gains of the fuzzy controller as
The following inequality implies the holding of the inequality of (25):
By Schur complement, W < 0 is equivalent to the follow inequality:W
wherē
It can be seen that the inequality of (27) holds whenW j < 0 hold for all j that are regarded as the LMI-based performance conditions. The analysis result is summarized in the following theorem.
Theorem 2:
The continuous-time FMB control system of (9), which is formed by a nonlinear plant in the form of (2) and a fuzzy controller in the form of (6) connected in a closed loop, is asymptotically stable and its system performance is guaranteed by (24) if the membership functions of the fuzzy model and controller satisfy m j (x(t)) − ρ j w j (x(t)) ≥ 0 for all j and x(t), where 0 < ρ j < 1, and there exists a perdefined nonzero positive scalar η,
n × n , and predefined weighting matrices J 1 = J T 1 ∈ n ×n > 0 and J 2 = J T 2 ∈ m ×m > 0 such that the following LMI-based stability and performance conditions are satisfied.
1) Stability Conditions:
where R < 0, S < 0, and the feedback gains are designed as
2) Performance Conditions:
It should be noted that the values of η and the weighting matrices of J 1 and J 2 have to be determined prior to applying Theorem 2. In the following, the system stability of discrete-time fuzzy model-based control systems is investigated. Consider the discrete-time FMB control systems formed by the discretetime version of fuzzy model of (2) and fuzzy controller of (6) connected in a closed loop. From (9), we have the following discrete-time FMB control system:
To investigate the system stability of (28), the discrete-time version of Lyapunov function candidate of (10) and the discretetime FMB control system of (28) are considered:
(29) Remark 2: It was reported in [4] and [5] that the discretetime FMB control system of (29) is asymptotically stable if there exists a symmetric positive definite matrix P such that
for all i and j. It can be seen from (29) that ∆V (t) ≤ 0 (equality holds for x(t) = 0) implies the asymptotic stability of the discrete-time FMB control system of (28) if the following matrix inequality holds:
By Schur complement, the matrix inequality of (30) is equivalent to the following matrix inequality:
(31) Recalling that X = P −1 and G j = N j X −1 , premultiplying and postmultiplying the diagonal matrix of X 0 0 X to both sides of (31), it becomes
To alleviate the conservativeness of the stability analysis, similar to the continuous-time analysis approach, the inequality of m j − ρ j w j ≥ 0 for all j and x(t) is considered and the free matrices ofV ij =V T ij ∈ 2n ×2n andΛ j =Λ T j ∈ 2n ×2n are introduced. Denoting
It can be seen from (39) that Θ < 0 implies the holding of (32) to guarantee the asymptotic stability of the discrete-time FMB control system of (28) when the stability conditions of X > 0, (34)-(38),R < 0, andS < 0 are satisfied. The stability analysis result is summarized in the following theorem.
Theorem 3:
The discrete-time FMB control system of (28), which is formed by a discrete-time nonlinear plant in the form of (2) and a discrete-time fuzzy controller in the form of (6) connected in a closed loop, is asymptotically stable if the membership functions of the fuzzy model and fuzzy controller satisfy m j (x(t)) − ρ j w j (x(t)) ≥ 0 for all j and x(t), where 0 < ρ j < 1, and there exist matrices X = X T ∈ n ×n ,R ij =R
, and
and predefined feedback gains G j ∈ n ×n such that the following LMIs are satisfied:
To measure quantitatively the system performance, the following scalar performance index similar to (22) for discrete-time FMB control system is employed:
From the discrete-time version of the fuzzy controller of (6) and (40), we have
By following the same line of analysis of continuous-time FMB control system, the same LMI-based performance conditions shown in Theorem 2 can be obtained for discrete-time FMB control system. The analysis result is summarized in the following theorem.
Theorem 4: The discrete-time FMB control system of (28), which is formed by a discrete-time nonlinear plant in the form of (2) and a discrete-time fuzzy controller in the form of (6) connected in a closed loop, is asymptotically stable, and its system performance is guaranteed by (42) if the membership functions of the fuzzy model and controller satisfy m j (x(t)) − ρ j w j (x(t)) ≥ 0 for all j and x(t), where 0 < ρ j < 1, and there exists a perdefined nonzero positive scalar η,
, and predefined weighting matrices
n ×n > 0 and J 2 = J T 2 ∈ m ×m > 0 such that the following LMI-based stability and performance conditions are satisfied.
1) Stability Conditions:
and the feedback gains are designed as
IV. SIMULATION EXAMPLES
Three simulation examples are given to illustrate the effectiveness of the proposed approach.
A. Simulation Example 1
In this example, the stabilization ability of the fuzzy controllers with different values of ρ j is testified using the LMIbased stability in Theorem 1. Consider the following fuzzy model [11] .
Rule i:
It is assumed that the membership functions of the fuzzy model and fuzzy controller are different and satisfy m j (x(t)) − ρ j w j (x(t)) ≥ 0 for all j and x(t). Considering ρ 1 = 0.75 and ρ 2 = 0.85, and employing the design criterion in [11] , the feedback gains of the fuzzy controller are determined such that the eigenvalues of A 1 + B 1 G 1 and A 2 + B 2 G 2 are all located at -2. Fig. 1 shows the stability region denoted by "×" for Theorem 1. For comparison purposes, we choose ρ 1 = 0.85 and ρ 2 = 0.9 with everything unchanged. Fig. 1 shows the stability region denoted by "o" under such a case. It can be seen that the stability region with ρ 1 = 0.85 and ρ 2 = 0.9 is larger. Under the imperfect premise matching, the published stability conditions in [4] and [5] cannot provide feasible solutions. Furthermore, the stability conditions in [6] - [13] for perfect premise matching cannot be applied in this example.
B. Simulation Example 2
Consider the following discrete-time fuzzy model. Rule i: where
It is assumed that the membership functions of the fuzzy model and fuzzy controller are different and satisfy m j (x(t)) − ρ j w j (x(t)) ≥ 0 for all j and x(t). The feedback gains of G j , j = 1, 2, are determined such that the eigenvalues of A 1 + B 1 G 1 and A 2 + B 2 G 2 are all located at 0.5. The stability regions given by stability conditions in Theorem 3 with ρ 1 = 0.75 and ρ 2 = 0.85 (denoted by "×"), and ρ 1 = 0.85 and ρ 2 = 0.95 (denoted by "o"), respectively, are shown in Fig. 2(a) . For comparison purposes, the stability region given by the discrete-time version of stability conditions in [4] and [5] is shown in Fig. 2(b) . By considering the information of the membership functions, it can be seen that the proposed stability conditions offer larger stability region than that provided by [4] and [5] . It should be noted that the stability conditions in [6] - [13] cannot be applied in this example under imperfect premise matching.
Comparing the proposed stability conditions under imperfect premise matching with those in [6] - [13] under perfect premise matching, it can be seen that the proposed ones have more number of LMIs. However, the stability conditions can be solved numerically by some convex programming techniques, for example, MATLAB LMI toolbox. Furthermore, design flexibility can be enhanced by employing membership functions different from those of the fuzzy model. Consequently, the implementation cost of the fuzzy controller can be reduced by employing some simple membership functions. For example, consider a complex nonlinear plant that its fuzzy model has the membership functions of w 1 ( [5] and [6] . In [6] - [13] , it is required that the fuzzy controller has to share the same membership functions as those of the fuzzy model. Consequently, under such a situation, the implementation cost of the fuzzy controller is high by employing these complex membership functions. More importantly, if the function of c(t) is unknown, the design approach in [6] - [13] cannot be applied. In this example, we employ some simple membership functions, such as m 1 (x 1 (t)) = µ N 1 1 (x 1 (t)) = 0.75e
2 ) + 0.05 and m 2 (x 1 (t)) = µ N 2 1 (x 1 (t)) = 1 − µ N 1 1 (x 1 (t)), to realize the fuzzy controller. It can be shown that with the consideration of the lower and upper bounds of c(t), the conditions of m j (x(t)) − ρ j w j (x(t)) ≥ 0 are satisfied with ρ 1 = 0.75 and ρ 2 = 0.85. Hence, the proposed design approach can be applied even for the fuzzy models with uncertain grades of membership.
C. Simulation Example 3
An inverted pendulum on a cart [17] is employed to illustrate the design flexibility of the proposed fuzzy controller. Simple membership functions, which lead to lower structural complexity, are employed for the proposed fuzzy controller. Under such a design, the published stability conditions [6] - [13] for perfect premise matching cannot be applied to guarantee the system stability. The proposed LMI-based stability conditions in Theorem 2 show an effective approach to help design a stable fuzzy controller under imperfect premise matching. Furthermore, LMI-performance conditions are employed to guarantee the system performance of the FMB control system in this simulation example.
Step 1) The dynamic equations of the inverted pendulum on a cart [17] is given bẏ
where x 1 (t) and x 2 (t) denote the angular displacement (rad) and the angular velocity (rad/s) of the pendulum from vertical, respectively, x 3 (t) and x 4 (t) denote the displacement (meter) and the velocity (meter per second) of the cart, respectively, g = 9.8 m/s 2 is the acceleration due to gravity, m = 0.22 kg is the mass of the pendulum, M = 1.3282 kg is the mass of the cart, l = 0.304 m is the length from the center of mass of the pendulum to the shaft axis, J o = ml 2 /3 kgm 2 is the moment of inertia of the pendulum around the center of mass, F 0 = 22.915 N/(m · s) and F 1 = 0.007056 N/(rad · s) are the friction factors of the cart and the pendulum, respectively, and u(t) is the force (N ) applied to the cart. The nonlinear plant can be represented by a fuzzy model with two fuzzy rules [17] . The ith rule is given by the following.
The system dynamics are described bẏ
where x(t), A 1 , A 2 , B 1 , B 2 , a 1 , a 2 are as shown at the bottom of this page. The membership functions are defined as
Step 2) A two-rule fuzzy controller is proposed to control the nonlinear plant to achieve x(t) → 0 as t → ∞. The jth rule is given by the following.
Rule j:
From (6), the fuzzy controller is defined as
The membership functions are designed as m 1 (x 1 (t)) = µ N 1 1 (x 1 (t)) = 0.99e
and m 2 (x 1 (t)) = µ N 2 1 (x 1 (t)) = 1 − µ N 1 1 (x 1 (t)). It can be seen that simpler membership functions as compared with those of the fuzzy model are employed to implement the fuzzy controller that can lower the structural complexity.
Step 3) Based on the membership functions of the fuzzy model and fuzzy controller, we have ρ 1 = ρ 2 = 0.82 such that the conditions of m j (x 1 (t)) − ρ j w j (x 1 (t)) > 0 are satisfied for all j and x 1 (t). Stability conditions in Theorem 2 are employed to design a stable fuzzy controller. The fuzzy controllers 1-3 are employed to stabilize the inverted pendulum described in (45)-(48). Fig. 3 shows the system state responses and the control signals under the initial system state condition of x(0) = [ 5π/12 0 0 0] T . Referring to this figure, it can be seen that the inverted pendulum can be stabilized by all fuzzy controllers. It can also be seen that the fuzzy controller 1 offers the fastest transient response at the cost of large control signal. With the LMI-based performance conditions, J 2 is employed to constrain the control signals of fuzzy places heavier weight on x 3 (t) in the performance index to suppress its magnitude. Consequently, the system state responses of x 3 (t) of the inverted pendulum with fuzzy controller 3 offer better system performance than that with fuzzy controller 2 in terms of transient response and settling time. Furthermore, in this example, it can be seen that simple membership functions are employed for the fuzzy controller instead of employing the complex membership functions of the fuzzy model. As a result, the stability conditions in [6] - [13] cannot be applied to design the fuzzy controller. Under imperfect premise matching, the proposed LMI-based stability and performance conditions offer a systematic way to realize a stable and well-performed FMB control system. For comparison purposes, the fuzzy controller of (52) is designed based on the decay-rate design approach [7] such that the performance condition ofV (t) ≤ −2αV (t), where α > 0, is achieved. This performance condition is incorporated into Theorem 2 and replaces the proposed LMI-based performance conditions. Choosing the value of α arbitrarily as 0.01, 0.1, and 0. Fig. 4 shows the system responses of the control signals of the FMB control system with decay-rate fuzzy controllers 1-3. It can be seen that all decay-rate fuzzy controllers 1-3 are able to stabilize the nonlinear plant. Considering the decay-rate performance condition ofV (t) ≤ −2αV (t), it can be seen that a larger value of α implies a better system performance but leads to larger values of feedback gains. Consequently, compared the simulation results in Fig. 3 , it can be seen that the decay-rate fuzzy controllers 1-3 can only improve the system responses in terms of faster rising time and settling time at the cost of large magnitude of control signal. However, unlike the proposed LMI-based performance conditions, the decay-rate performance condition is not able to realize the system performance by considering specifically the system states and control signals.
V. CONCLUSION
System stability of the FMB control systems under imperfect premise matching has been investigated. Under imperfect premise matching, the advantages of design flexibility and robustness property of the FMB control system can be retained. In order to utilize the favorable property given by perfect premise matching to facilitate the stability analysis, a design condition is proposed for the design of the membership functions of the fuzzy controller. This membership function design condition has introduced some arbitrarily free matrices to alleviate the conservativeness of the stability analysis. LMI-based stability conditions have been derived to guarantee the system stability. To realize the system performance, LMI-based performance conditions have been derived to guarantee a predefined scalar cost function attenuated to a prescribed level. With the LMIbased stability and performance conditions, a stable and welldefined FMB control system can be achieved. Simulation examples have been given to illustrate the merits of the proposed approach. His current research interests include analysis and design of fuzzy control systems.
